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Unfolding Bloch States in Disordered Systems
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In crystalline solids, disorder breaks translational symmetry and obscures k-resolved Bloch states,
limiting an accurate description of wave-function-based observables. In this Letter, we present a method
that unfolds not only the band structures but also the corresponding Bloch states in disordered systems,
going beyond conventional band-unfolding techniques. As a prototype application, we study defective
graphene and demonstrate the capabilities by capturing key wave-function-level responses, including

disorder-driven redistribution of Berry curvature.
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Introduction—Defects are ubiquitous and essentially
unavoidable in real material [1]. Moreover, many techno-
logically relevant systems—especially semiconductors—
exhibit properties that are strongly altered by defects, while
alloying provides a powerful route to systematically tune
their electronic responses; therefore, reliable analysis of
defected and alloyed materials is essential [2-8]. Such
imperfections, however, break the translational symmetry
of the pristine crystal and thereby complicate the k-resolved
band-structure picture, which remains one of the most
informative and widely used representations of electronic
states in crystalline solids [9]. Nevertheless, a large body of
experimental interpretation still relies on the phenomeno-
logical k-resolved viewpoint, e.g., when extracting effec-
tive masses. In first-principles calculations, defects and
alloys are typically treated using supercells (SCs) [10-14].
The use of an SC reduces the Brillouin zone (BZ) and folds
the primitive-cell (PC) bands into the smaller SC BZ,
leading to dense and overlapping dispersions. This
obscures the underlying PC physics and makes direct
comparison with band-structure-based experiments sub-
stantially more challenging [15].

Based on this need, band-unfolding methods were devel-
oped to restore an effective PC description from SC
calculations [5,15-18]. In widely used formulations, the
unfolded band structure is obtained from a spectral function
(spectral weight) constructed by projecting SC eigenstates
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onto PC Bloch states and collecting the resulting overlap
weights into an effective k-resolved spectral function in the
PC BZ. This approach has enabled interpretation of folded
SC bands and has been applied to a broad range of problems,
including random alloys [5,16], defected or doped two-
dimensional materials and adsorbed systems [19], and
highly mismatched semiconductor alloys such as GaAsBi
[20]. Despite this impact, conventional unfolding primarily
returns energy dispersions and spectral weights in the PC
BZ; it does not provide the corresponding unfolded Bloch
eigenstates (i.e., wave functions with a well-defined
k-resolved structure). As a result, many physically important
observables that are inherently wave-function-based—such
as optical transition matrix elements (absorption strengths),
orbital magnetic moments, and nonlinear optical coefficients
(e.g., shift current) [21-23]—cannot be straightforwardly
accessed from the standard unfolding method. In particular,
geometric and topological quantities—such as the quantum
geometric tensor, whose imaginary and real parts correspond
to the Berry curvature and the quantum metric, respectively,
and whose far-reaching consequences in solid-state systems
have attracted intense recent attention—require controlled k-
resolved Bloch wave functions [24-26]. Hence, they are not
directly available in disordered systems, when unfolding
provides only energies and spectral weights.

In this Letter, we develop a theoretical method that
unfolds not only band dispersions and spectral weights, but
also the corresponding Bloch eigenstates in disordered
systems. Conventional unfolding schemes first diagonalize
the SC Hamiltonian to obtain SC eigenstates and then

© 2026 American Physical Society
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project them onto PC Bloch states to construct spectral
weights. Here, we take the opposite route: we first project
(represent) the SC Hamiltonian in the PC Bloch basis,
yielding a k-resolved decomposition of the disordered
Hamiltonian. Diagonalizing each k block then directly
produces the unfolded band structure together with well-
defined unfolded Bloch states, while the inter-k blocks
quantify disorder-induced mixing and thus determine the
spectral broadening of the unfolded states. We demonstrate
the method using disordered graphene, for which the #
Berry phase of Dirac electrons makes it a natural test
platform for wave-function-level geometric responses
[22,27,28]. By considering symmetry-preserving and sym-
metry-breaking disorder, we capture the expected trends—
such as band gap opening and spreading of Berry curvature
—while simultaneously predicting disorder-induced broad-
ening within a unified description. Overall, our approach
enables direct evaluation of wave-function-based properties
in disordered materials, offering a practical route to geo-
metric and topological response calculations beyond stan-
dard band-unfolding outputs.

Theoretical background—k-resolved decomposition of a
disorder Hamiltonian: For a disordered system, the total
Hamiltonian A can be written as the sum of the pristine
Hamiltonian H, and a disorder contribution Hg: H =
I:IO + I:Idis. Because I:IO respects crystal translational sym-
metry, its eigenstates are Bloch states |k,n) with well-
.n) = e lk.n). By
introducing the projector onto the k subspace P =
>, [k,n)(k.n| and the identity operator 7 =", , |k, n)
(k,n| = >, Py, we decompose H ; into k diagonal (intra-
k) and off-diagonal (inter-k) blocks,

Ay, = Z (k' m) (k' m| H il ke, ) (K, n| = Zﬁk’ﬁldisﬁk
K k,m.n K k
- ZPkHdBPk + Zk’ Pk’Hdlst = Hd]s +Hd1§ .
(1)

Here, ADE is block-diagonal within each k, whereas S5
couples different crystal momenta k # k’. The prime on the
summation ), denotes a sum over both k and K
excluding k = k', which is collected separately in the first
term. A conceptual diagram of this splitting is provided in
Supplemental Material (SM), as shown in Fig. SM1 [29].
This k-resolved decomposition allows us to obtain
unfolded Bloch states and their spectral weights on a
consistent footing.

We argue that || H$Z|| < ||AR2|| and, in fact, HE — 0in
a randomly distributed disorder, as fully discussed in SM
[29]. Assuming multiple defect types and mutually indepen-

Sa [0l Valr =R,

where N, is the number of defects of type d, R;  is the lattice

dent defects, we write Hy(r) =

vector of the unit cell containing the ith d-type defect, and
V, is the corresponding single-defect potential. With this
form, the intra-k matrix elements (k, ) add
coherently over defect positions and therefore remain finite
scaling with the defect concentration p; = N;/N, where N
is the number of unit cells. In contrast, the inter-k matrix
elements (k', n|H |k, m) (k' # k) acquire an additional
phase factor ¢ *K)Ri; from each defect position. For
randomly distributed defects, these phases are uncorrelated
and largely cancel in the sum over R; , so that the inter-k
block vanishes under ensemble averaging. Consequently,
the disorder Hamiltonian is dominated by its k-diagonal
blocks, while the k' # k blocks are parametrically small in
the thermodynamic limit. In light of the above, we decom-
pose the full Hamiltonian, A = A, + HYP + AE, and
regard H, + Hdls as the dominant part while treating
HY9E as a perturbation. The dominant block defines
unfolded states, ie dressed Bloch states, and the off-
diagonal term A induces inter-k mixing between these
states, thereby generating a finite spectral weight in the
unfolded representation.

Although this work considers only the diagonal compo-
nents of the disorder Hamiltonian for the renormalization of
the dressed Bloch states, the off-diagonal components H$?
would provide further high order corrections, mixing the
Bloch states at different momenta [30-33]. Such higher-
order effects can be systematically investigated within the
framework of many-body perturbation theory, where one
treats H, + H5P as the unperturbed bare Hamiltonian and
determines the interacting Green’s functions by solving
Dyson’s equation [34]. While we can further refine the
validity of our theory by incorporating higher-order
Feynman diagrams into the evaluation of the self-energy,
we expect such corrections are quantitatively marginal
because the off-diagonal perturbing term A is suffi-
ciently weak relative to the unperturbed Hamiltonian
(Hy+ APB), as discussed in the previous paragraph.
Thus, in the following we retain only the dominant leading
diagonal term AR5 for the electronic renormalization.

Dressed Bloch states in a disordered system: In the
leading term H, + HRE, H, is already diagonal in the
,n). As discussed in Eq. (1) and SM,
although Hdlq is not diagonal, it is block-diagonal in k.
Consequently, H, -+ AP is a k-block-diagonal matrix
whose off-diagonal blocks vanish, as depicted in
Fig. SM1 [29], and we can diagonalize each k block

k.n) with

the same good quantum number £k,
(Ho+ HE?)|k, n) = &, |k, n), (2)
where &, , is the dressed energy eigenvalue for A,/> This

procedure avoids diagonalizing a single large matrix, which
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FIG. 1.

Work flow for unfolding Bloch states in disordered graphene. (a) Diagonalization of the pristine Hamiltonian A, at each k

point in the primitive-cell Brillouin zone (BZ), yielding the pristine Bloch eigenstate |k, £). (b) Representation of the Hamiltonian Hpg
using |k, £), i.e., (k. s|Hpg|k', ’) with s, s’ € {+, —}. (c) Block dlagonahzatlon of Hpg for a given k to find the dressed Bloch energles

&, and dressed Bloch states |k +). (d) Evaluating the spectral weight Ty,

is typically required in conventional band-unfolding
approaches [5,15,16]. Instead, our method requires only
diagonalizing small matrices for each k, yielding substan-

tial computational savings. Physically, |k, n) is a long-lived
stationary state in the weak-disorder limit, and more
generally it serves as a quasieigenstate on intermediate
timescales between scattering events. As such, physical
properties driven by the dressed Bloch state are valid within
the timescale.

Estimating the spectral weight by disorders: Each
individual defect acts as a scatterer, and the per-d defect

transition rate I'Y from an initial dressed state |k, n) to

k.n—k',m

a final dressed state \k’ ,
rule [35],

m) is given by Fermi’s golden

Y 17 A2 e~ ~
k/’m|Vd|k’ I’l>| 5(8k',m _gk.n)’ (3)

2r
Fd ’ -
k.n—k',m A K

where the delta function enforces elastic scattering. The

total rate l:k’n at which a dressed state
final states due to all defects is

) scatters into all

ZNd k.n—k'.m" (4)

d.k'.m

The detailed formula is discussed in SM [29]. Similar
formulas have appeared in prior work [36,37], but here we
evaluate them using the dressed Bloch states |kAZ) rather
,n). Ty, is physically
related to the scattering time 7 ,, = [1/(I; ,,)], so it can be

23

interpreted as the spectral weight, i.e., the broadening, of

the ) state.

Application to disordered graphene—As shown in
Fig. 1, we apply the above framework to disordered
graphene (DG) as a demonstrative example. A graphene
sheet with random disorder is modeled within a nearest-
neighbor tight-binding Hamiltonian,

Hpg =1Y _C/C, + ZU cie,. (5)
(m)

where t (= —-2.6 eV) is the nearest-neighbor hopping

energy between carbon z orbitals, C ] (C‘j) annihilates
(creates) an electron on site /, and U, denotes the on-site
disorder energy at site n. In Eq. (5), the first term is the
pristine graphene Hamiltonian (H,), and the second term
defines the disorder potential (H ;). The simulation uses a
100 x 100 SC of the primitive honeycomb lattice (2 x 10*
carbon sites), which ensures the randomness of defects.
Defects are introduced by randomly selecting carbon sites
at a concentration of p = 1% and 5%. The on-site potential
is set to U,, = 0 eV on pristine sites, while defect sites are
assigned U,, = +0.5 eV or —0.5 eV with equal probability.
We consider two disorder realizations, illustrated in
Figs. 2(a) and 2(b). In the symmetry-breaking (SB) disorder
[Fig. 2(a)], the positive (+0.5 eV) and negative (—0.5 eV)
potentials are placed exclusively on the A and B sublattices,
respectively, thereby inducing sublattice asymmetry. In the
symmetry-preserving (SP) disorder [Fig. 2(b)], each sub-
lattice contains equal numbers of 4+0.5 eV and —0.5 eV
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sites, so that the average on-site potential vanishes sepa-
rately on both the A and B sublattices.

Our computational work flow, illustrated in Fig. 1, consists
of four steps: (1) diagonalize the pristine Hamiltonian H,
[Fig. 1(a)]. For each k in the PC BZ, we solve I:IO\k, +) =
€r.+ |k, £), where 4+ and — label the conduction and valence
bands of graphene, respectively. This step requires only the
PC and provides the band structure of pristine graphene, as
shown in Figs. 2(c) and 2(d). (2) Represent the total
Hamiltonian Hpg using the pristine Bloch basis [Fig. 1(b)].
To model defective graphene, we employ a SC and represent
Hpg in the |k, +) basis, ie., (k,s I:IDG|k’, '), with
s,s'€{+.,—}. In our calculations, the resulting matrix is
dominated by intra-k blocks ((k,s|Hpglk,s')), and has
numerically negligible inter-k elements (mostly below
5.0 x 107 eV) [see Fig. 1(b)]. This is consistent with the

%_§ \ oN—Ak ]

0.2
(c) . Pristing | (d)
— eDefect
0.1f F
&
0.0 0:.05 eV

Energy (eV)

FIG. 2. Disordered-graphene models and their unfolded elec-
tronic structures. (a) SB disorder, where positive (red) and
negative (blue) on-site energies are assigned exclusively to the
A and B sublattices, respectively. (b) SP disorder, where each
sublattice contains equal numbers of the positive and negative on-
site energy. (c),(d) Dressed band structure &, for (c) SB and
(d) SP disorder (magenta), shown together with the pristine
graphene bands (gray) for comparison. (e) Unfolded band
structure for the SP case including spectral broadening (p = 5%).

discussion above, ie., |[HS?|| < ||HRE||. Accordingly, the

inter-k terms can be treated within perturbation theory. (3)
Block-diagonalize Hp for a given k [Fig. 1(c)]. Foreach k, we
diagonalize the corresponding small block (here, 2 x 2; in
general n x n with n bands retained) to obtain the dressed

Bloch energies &, and states |k,=£), following Eq. (2).
Figures 2(c) and 2(d) show the renormalized band structures
(dressed eigenvalues & ,,) for SB and SP disordered graphene,
respectively. In the SB case, disorder induces a band gap of
about 0.05 eV [Fig. 2(c)]. The resulting band structure closely
resembles that of graphene with a uniform sublattice-staggered
on-site potential (a mass term) of +0.025 eV, consistent with
the disorder-averaged scale. In contrast, the SP disorder
remains gapless and closely follows the pristine dispersion
[Fig. 2(d)], in good agreement with previous work [38]. We

also show the charge densities of the dressed Bloch states |l;v—>
near the K point for defective graphene in Fig. SM2 [29], which
clearly reveal the disorder effects. (4) Spectral weight (broad-

ening) of the dressed Bloch state |kTI> [Fig. 1(d)]. Using
Egs. (3) and (4), we calculate l;k,n for l;,\ﬁ), which is
considered as the spectral weight of the corresponding state.
Figures 3(a) and 3(b) show the scattering rate F,‘i__)k,,_ from a

given initial state |k, —) near the K valley [marked in Figs. 3(a)
and 3(b)] for p = 1% and 5%, respectively. F,‘CJ’__)k,’ is very
similar for the SB and SP cases; therefore, we present only the
SP results in what follows. The results show that disorder
induces both intravalley and intervalley scatterings, and
because the scattering is elastic, nonzero F,‘i appears

sk -
as ringlike features around the K and K valleys. The typical
value of F,‘f.__)k,’_ for p = 1% is about 0.004 ps~!, which is
approximately 5 times smaller than that for p = 5%
(~0.02 ps™"), consistent with the scaling with defect density.

By summing over all final states in I'¢ [Eq. 4)], we

k,——k' —
obtain I_“k.n, i.e., the total broadening of |k, +), as shown in
Fig. 3(c) forp = 1% and 3(d) for p = 5%. Similar to I“;i__}k“_,
[y, increases with p (see the color-bar ranges in Fig. 3). In both
cases, [, is small near the K and K points. In particular, it
remains below 0.2 ps~' at p = 1% and 1 ps~! at p = 5% in
the vicinity of the valleys. Using I ,,, we plot the unfolded
band structure for the SP disorder including spectral broad-
ening, as shown in Fig. 2(e), where the broadening is largest
near the M point, consistent with the higher density of states.

Because we obtain the unfolded Bloch states |k, :I:), we
can directly evaluate wave-function-based observables.
Here, we focus on the Berry curvature (BC) as a repre-

sentative example of such quantities [39]. Since |k, %) is
well-defined in the primitive-cell k space, we can employ
the standard BC formalism developed for crystalline
systems [26,39-43]. The numerical procedure is detailed
in SM [29]. Figure 4 shows the resulting BC distribution.
As expected, nonzero BC is concentrated around the K and
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FIG. 3.

>0.04
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>5.0
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Disorder-induced scattering and spectral broadening in disordered graphene (SP disorder). Momentum-resolved scattering rate

F;(’,__,k/‘_ from a fixed initial dressed state |kA:> chosen near the K valley (indicated by the yellow arrow) for defect concentrations
(@) p = 1% and (b) p = 5%. The arrows in (a) highlight representative intra- and intervalley scatterings. Distribution of the total spectral
broadening T ,, over the first Brillouin zone for (c) p = 1% and (d) p = 5%.

K valleys in both SB and SP cases. As in pristine graphene
and related two-dimensional materials (e.g., transition-
metal dichalcogenides), BC has opposite signs at the K
and K valleys. In the SB case, BC around the valleys is no
longer sharply localized and becomes spatially broadened
[Figs. 4(a) and 4(c)], and the broadening increases with
defect concentration. In contrast, in the SP case BC remains
well localized near the valleys, consistent with the robust-
ness of the nontrivial # Berry phase [Figs. 4(b) and 4(d)].
These contrasting behaviors are consistent with the pres-
ence (SB) or absence (SP) of a band gap, reflecting whether
inversion symmetry is effectively broken [44,45]. We note
that earlier first-principles studies combined BC calcula-
tions with band unfolding by computing BC in a defective
SC treated as an artificially periodic crystal and then
unfolding the SC BZ onto the PC BZ [46-48]. Because
BC is evaluated in the SC k space and only mapped
afterward, the procedure is not a direct calculation in the PC
k-parameter space and is no longer geometric, i.e., the usual
interpretation as a Berry phase per unit area is lost. In
contrast, our method constructs unfolded Bloch states
defined on the PC BZ, enabling BC to be computed
directly in the proper k space where geometric quantities
are formulated.

Summary—In summary, we have presented a theoretical
framework that produces both the unfolded band structure

and the corresponding unfolded Bloch states for disordered
systems, overcoming the limitations of previous
approaches, which yield only energies and spectral
weights. Our method proceeds in two key steps: (1) repre-
senting the SC Hamiltonian onto the PC Bloch basis
and (2) diagonalizing the resulting k-resolved blocks. By
reversing the conventional unfolding work flow, this
construction directly delivers unfolded Bloch eigenstates,
with their spectral broadening governed by the inter-k
couplings. Consequently, our approach enables the direct
evaluation of wave-function-level observables in disor-
dered materials and provides a practical route to geometric
and topological response calculations in the proper primi-
tive-cell k space, beyond the scope of conventional band-
unfolding methods.
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(d) show SP disorder at defect concentrations (a),(b) p = 1% and (c),(d) p = 5%. The color scale indicates the sign and magnitude of the
Berry curvature, with contributions concentrated near the valley points K and K.
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